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ABSTRACT
Previous models of the Yarkovsky-O’Keefe-Radzievskii-Paddack (YORP) effect relied either
on the zero thermal conductivity assumption, or on the solutions of the heat conduction
equations assuming an infinite body size. We present the first YORP solution accounting
for a finite size and non-radial direction of the surface normal vectors in the temperature
distribution. The new thermal model implies the dependence of the YORP effect in rotation
rate on asteroids conductivity. It is shown that the effect on small objects does not scale as the
inverse square of diameter, but rather as the first power of the inverse.

Key words: errata, addenda – radiation mechanisms: thermal – methods: analytical – celestial
mechanics – minor planets, asteroids.

1 IN T RO D U C T I O N

The Yarkovsky-O’Keefe-Radzievskii-Paddack (YORP) effect is considered one of the principal factors influencing the rotation of minor
objects like asteroids or meteoroids (Bottke et al. 2006). Modelling the YORP torque is a complicated task, both for numerical and
analytical approach. The present paper extends an analytical solution of Breiter & Michalska (2008) by introducing an improved model of
the surface temperature. Using the approximate insolation function expressions of Breiter & Michalska (2008), reminded in Section 3, we
derive the linearized temperature model (Section 4) that accounts for the finite size of an object and does not assume the radial direction of
the surface normal in the part of boundary conditions related with the heat conduction. The mean values of dynamically significant YORP
torque projections are derived in Section 6 in a general form. Their limits at large and small values of an object’s radius are given in Sections 7
and 8. An exemplary application to the asteroid 1998 KY26 with different physical properties and size is presented in Section 9. The most
important conclusion of our work are the dependence of the YORP effect in rotation period on the conductivity, and the change of the scale
factor from the inverse square of diameter to the first power of the inverse, occurring for smaller objects.

Certain ambiguity in the definition of the YORP effect originates from the fact, that Lambertian scattering of incoming light flux can
be described by the formulae that are very similar to the thermal reradiation case, except for their independence on conductivity. In most of
the present paper, we consider the YORP effect as a phenomenon caused by thermal reradiation. Only in the Appendix A we consider both
phenomena simultaneously.

The present paper uses the same formalism as Breiter & Michalska (2008) and required re-derivation of its results as a limit case. The
errors discovered in Breiter & Michalska (2008) are listed in Appendix B.

2 G E N E R A L F O R M U L A FO R T H E YO R P TO R QU E

Using common assumptions of the Lambert emission model and the homogeneity of an asteroid’s surface properties, we express the YORP
torque as a surface integral (e.g. Bottke et al. 2006):

M = −2

3

εt σ

c

∮
S

T 4 (r × dS), (1)

where εt is the surface emissivity, σ is the Stefan–Boltzmann constant, c designates the velocity of light and T is the surface temperature – a
function of the longitude, latitude and of the Sun position. It should be observed that the general formula (1) contains two concurrent factors:
one related to the non-spherical shape, vanishing identically when r × dS = 0, and another one related to temperature. Was T independent
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on coordinates, one might pull it out of the integrand and then
∮

S r × dS = 0, regardless of the time dependence of T? In other words,
isothermal bodies are not YORP torqued [see Breiter & Michalska (2008) for a different formulation of this property].

3 BO DY SH A P E M O D E L A N D I N S O L AT I O N FU N C T I O N

3.1 Surface equation and normal vectors

The body shape can be specified in terms of the colatitude θ and longitude λ measured in the reference frame with the origin at the centre
of mass and the axes aligned with the principal axes of inertia (the body frame). Assuming the spherical harmonics series form, the shape is
defined by the reference radius a and a set of shape coefficients: either real C l,m, S l,m or complex f l,m, up to the maximum degree and order
of N:

R = a + a

N∑
l=1

l∑
m=0

�m
l (cos θ )[Cl,m cos mλ + Sl,m sin mλ] = a + a

∑
l≥1

l∑
m=−l

fl,mYl,m, (2)

where �m
l (u) are the normalized Legendre functions

�m
l (u) = σl,mP m

l (u), (3)

that differ from the usual associated Legendre functions P m
l (u),

P m
l (u) = (−1)m

2l l!
(1 − u2)

m
2

dl+m(u2 − 1)l

dul+m
= (−1)m (1 − u2)

m
2

dm Pl(u)

dum
, (4)

by the normalizing factor σ l,m

σl,m =
√

2l + 1

4π

(l − m)!

(l + m)!
. (5)

Complex spherical harmonics Y l,m = Y l,m(u, λ) used in this paper are defined as

Yl,m(u, λ) = �m
l (u) ei m λ. (6)

The symbols u and w in the following text will always mean

u = cos θ, w = sin θ =
√

1 − u2. (7)

The real and complex shape coefficients are related by f l,0 = C l,0 and, for m > 0,

fl,m = (Cl,m − i Sl,m)/2,

fl,−m = (−1)m (Cl,m + i Sl,m)/2 = (−1)m f ∗
l,m,

Cl,m = [
fl,m + (−1)mfl,−m

] = fl,m + f ∗
l,m,

Sl,m = i
[
fl,m − (−1)mfl,−m

] = i (fl,m − f ∗
l,m).

(8)

Using a real-valued sum

� =
∑
l≥1

l∑
m=−l

fl,mYl,m, (9)

considered as small quantity of a first order, we can replace equation (2) by an abbreviated form

R = a (1 + �). (10)

Similar to Breiter & Michalska (2008), we use a modified set of spherical coordinates with a right-handed, orthonormal basis:

êr = (w cos λ, w sin λ, u)T ,

êλ = 1

w

∂êr

∂λ
= (− sin λ, cos λ, 0)T ,

êu = w
∂êr

∂u
= (−u cos λ, −u sin λ, w)T .

(11)

In terms of the spherical surface gradient ∇s,

∇sf ≡ 1

w

∂f

∂λ
êλ + w

∂f

∂u
êu. (12)

We can define the outward normal vector N as in (Breiter & Michalska 2008),

N = ∂r
∂λ

× ∂r
∂u

= a2 (1 + �) [(1 + �) êr − ∇s�] , (13)

and the first order approximation of its unit vector is

n̂ = N
N

≈ êr − ∇s�. (14)
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Figure 1. Reference frames and orientation angles.

3.2 Solar position and insolation function

Similarly to Breiter & Michalska (2008), we use two sets of Euler angles to define the rotation from the body frame Oxyz to the orbital frame
Ox ′y ′z′ (Ox ′ directed to the Sun, Oz′ along the orbital momentum and Oy′ axis completing the orthogonal, right-handed triad): 3-1-3 angles
	, ε, ϑ and 3-2-3 angles φ, ε, ψ (see Fig. 1). In terms of rotation matrices Ri ,

r ′ = R3(ϑ)R1(ε)R3(−	) r = R3(ψ)R2(ε)R3(φ) r, (15)

with the equivalence condition

φ = −	 − π

2
, ψ = ϑ + π

2
. (16)

Thus, the unit vector directed to the Sun is given in the body frame as

n̂	 = (c cos φ cos ψ − sin φ sin ψ) êx + (c sin φ cos ψ + cos φ sin ψ) êy − s cos ψ êz, (17)

where

c = cos ε, s = sin ε (18)

are related with the obliquity angle ε. Further, we consider ε (hence c and s) a constant quantity, so the motion of the Sun in the body frame
consists of the yearly and daily motions due to the increasing ψ and φ, respectively.

The primary definition of the insolation function E is given by

E = (1 − A) 
 max (0, n̂ · n̂	), (19)

where A is the Bond albedo and 
 designates the solar radiation energy flux. Using the distance of the body from the Sun ro and the solar
constant 
0 ≈ 1366 W m−2, one computes 
 as


 = 
0

(
d0

ro

)2

, (20)

with the reference distance d0 = 1 au. Note that E describes only the direct insolation, i.e. we neglect the illumination by the light reflected
by other surface fragments. Moreover, we ignore the shadows cast by the parts of an object that stretch above the local tangent plane. In other
words, for the purpose of computing the insolation, we treat the body shape as a convex surface.

Requiring the spherical harmonics series of the insolation function for the derivation of the thermal model, we use the first order
approximation derived in Breiter & Michalska (2008):

E ≈ E0 + E1 =
∑
l�0

l∑
m=−l

(
E (0)

l,m + E (1)
l,m

)
Yl,m, (21)

where

E (0)
l,m = −(1 − A) 


l∑
k=−l

Hk w
1,k
1,l

σ1,1
Dl

m,k, (22)

E (1)
l,m = (−1)m (1 − A) 


∑
j�1

j∑
k=−j

fj,k

l+j∑
p=0

gl
p,j G

m−k,k,−m
p,j,l

p∑
q=−p

Hq w
1,q

1,p

σ1,1
D

p

m−k,q . (23)

Apart from Wigner functions (Biedenharn & Louck 1981),

Dl
m,k = dl

m,k(ε) e−i(mφ+k ψ), (24)
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the above expressions involve two ad hoc symbols:

gl
p,j = 1

2
[p (p + 1) + j (j + 1) − l (l + 1)] , (25)

Hq =
∫ π

2

− π
2

cos L eiqL dL, (26)

and more common special functions, like overlap integrals,

wm1,m2
n1,n2

=
∫ 1

−1
�m1

n1
(u) �m2

n2
(u) du, (27)

and Gaunt coefficients

Gm1,m2,m3
l1,l2,l3

=
∫ 1

−1
du

∫ 2π

0
Yl1,m1 (u, λ) Yl2,m2 (u, λ) Yl3,m3 (u, λ) dλ. (28)

More details can be found in section 3 and appendix A of Breiter & Michalska (2008).

4 T E M P E R AT U R E M O D E L

4.1 General solution

In the so-called Rubincam’s approximation (Rubincam 2000; Vokrouhlický & Čapek 2002), when the thermal conductivity K is negligible,
the temperature distribution is described by

T 4 = E
εt σ

, (29)

where E is the insolation function. But if the conductivity K cannot be neglected, a more realistic temperature model should be adopted,
based upon the solution of the heat diffusion equation. Assuming a homogeneous body with constant thermal parameters, we use the Fourier
equation. If we express the Laplacian operator in a modified set of spherical variables r , u, λ, the equation takes the form

∂T

∂t
= κ

r2

{
∂

∂r

(
r2 ∂T

∂r

)
+ ∂

∂u

[
(1 − u2)

∂T

∂u

]
+ 1

1 − u2

∂2T

∂λ2

}
= κ

r2

[
∂

∂r

(
r2 ∂T

∂r

)
+ �sT

]
, (30)

where �s designates the Laplace operator restricted to the unit sphere, and κ is the ratio of the thermal conductivity to the product of the
density ρ and the specific heat capacity cp,

κ = K

ρ cp
. (31)

The general solution of the linear equation (30), non-singular at r = 0, is known to be the superposition of terms

Tl,m,β = jl(β r) Yl,m(u, λ) e−κβ2 t , (32)

where l, m and β are the arbitrary separation constants, and jl designates a spherical Bessel function of the first kind, related to the ordinary
Bessel function J ν through

jl(x) =
√

π

2x
Jl+ 1

2
(x). (33)

Restricting the separation constants l and m to integer values l � 0, and −l � m � l, we obtain all terms T l,m,β non-singular for r � 0, and
2π-periodic in λ.

However, the solution (32) is based upon a hidden assumption that β 
= 0, and one may easily verify that it degenerates into T l,m,0 = Y 0,0

when the separation constant is set to β = 0. But the time independent temperature obeys the Laplace equation �T = 0, with a non-trivial
classical solution T l,m,0 = (r/as)lY l,m(u, λ) where as is a scaling parameter with the dimension of length, most conveniently – the mean radius
of the body a. Thus, we enrich equation (32) and replace it by

Tl,m,β = El(β, r) Yl,m(u, λ) e−κβ2 t , (34)

where

El(β, r) =
{ (

r

a

)l
, for β = 0,

jl(β r), for β 
= 0.
(35)

A difficult part of determining the temperature is the choice of β and of the arbitrary constants for the superposition of T l,m,β . It has to
be done according to the boundary conditions on the body surface, where the conservation of energy implies[
εt σ T 4 + K n̂ · ∇T

]
r=R

− E = 0. (36)

The first term is the reradiated energy, proportional to the fourth power of T , and the product of the Stefan–Boltzmann constant σ and the
surface emissivity εt. The second term is responsible for the heat absorption, and the last term is the incoming radiation energy E , known as
the insolation function. Moreover, we search only the solution that is a quasi-periodic function of time.
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4.2 Linearized temperature model

4.2.1 Linearized boundary conditions

The boundary conditions (36) are non-linear, so we follow a common practice of linearizing the temperature, by assuming T = T 0 + T 1,
with time and coordinates independent T0, and a correction T1. Instead of adopting the most popular ‘plane parallel’ model, based on the
assumption that n̂ · ∇T ≈ êr · ∇T , we inspect a more elaborate approach with non-radial normal vector in equation (36).

In terms of the unit vectors (11), we can express the gradient of T at the surface as

∇T =
[

∂T

∂r
êr + 1

r w

∂T

∂λ
êλ + w

r

∂T

∂u
êu

]
R

=
[

∂T

∂r
êr + 1

r
∇sT

]
R

, (37)

whereas the linear approximation of the unit normal vector n̂ on the surface is already known from equation (14). Thus,

n̂ · ∇T ≈
[

∂T

∂r
− 1

r
∇sT · ∇s�

]
R

. (38)

Introducing the second term from the right-hand side of (38) in the boundary condition (36) is a novelty of our approach that enables us to
go beyond the plane parallel approximation, characteristic to all previous analyses of the YORP effect.

Setting T = T 0 + T 1, in the boundary conditions (36), and linearizing with respect to T1, we first obtain

εt σ T 4
0 = Ec

0 = (1 − A) 


4
, (39)[

4 εt σ T 3
0 T1 + K n̂ · ∇T1

]
R

= E − Ec
0 . (40)

In order to handle equation (40), we observe that according to (38) the product n̂ · ∇T1 is the sum of a radial derivative ∂T1
∂r

and of a
term resulting from the deviation of n̂ from the radial direction. Assuming the latter to be a small quantity, we resort to the perturbation
approach by introducing T1 = T̃1,0 + T̃1,1, where the second subscript distinguishes the values implied by a spherical part of the insolation
function T̃1,0, and corrections due to non-spherical terms in both the insolation function and the derivative along the normal vector T̃1,1. In
these circumstances, we partition equation (40) and replace it by two boundary conditions[

4 εt σ T 3
0 T̃1,0 + K

∂T̃1,0

∂r

]
R

= E0 − Ec
0 , (41)

[
4 εt σ T 3

0 T̃1,1 + K
∂T̃1,1

∂r

]
R

= E1 + E1,1, (42)

where

E1,1 =
[

K

r
∇sT̃1,0 · ∇s�

]
R

. (43)

As usually in perturbation theory, equations (41) and (42) have the same structure and differ only by the source terms on their right-hand
side. Both solution terms T̃1,0 and T̃1,1 are superpositions of expression (34) and the final outcome should result in

εtσT 4 ≈ εtσ
(
T 4

0 + 4T 3
0 T̃1,0 + 4T 3

0 T̃1,1

)
, (44)

appearing as a factor in the YORP torque definition.
The reason for introducing tildes over the two temperature terms is to distinguish their temporary character as the functions of R. Later

on, when we substitute R = a(1 + �), they will generate the final T 1,0 and T 1,1, being the functions of the mean radius a.

4.2.2 General patterns

The first term, εtσT 4
0, is explicitly given by equation (39), but equations (41) and (42) are more complicated. The complete solution of

the heat diffusion equation is a superposition of general terms (34). In case of linearized boundary conditions, the coefficients of the linear
combination of the terms can be determined one by one; anticipating the form implied by the insolation function E present in the boundary
conditions, we assume T1 composed of terms

T̃l,m,p,q = Cl,m,p,q El(β, r) Yl,m(u, λ) e−β2 κ t+i δp,q , (45)

which means that the coefficients to be determined are Cl,m,p,qei δp,q , where each pair (p, q) refers to some value of β.
Beginning with the simple case of p = q = 0, we substitute (45) into (41) or (42) with the right-hand side consisting of a single term of

the insolation function series. This leads to

Cl,m,0,0

(
R

a

)l [
4 εtσT 3

0 + K l R−1
]

Yl,m ei δ0,0 = Bl,m,0,0 Yl,m, (46)

and so, setting δ0,0 = 0, we find

4 εt σ T 3
0 T̃l,m,0,0 = Bl,m,0,0J

l
0,0(R) Yl,m, (47)
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where

J l
0,0(R) = 1

1 + l
γ

R

, (48)

with

γ = K

4 εt σT 3
0

. (49)

The time-dependent case is more involved. This time, the substitution of (45) results in the boundary condition

Cl,m,p,q

[
4 jl(βR) εtσT 3

0 + Kβj ′
l (βR)

]
Yl,m e−κβ2 t+i δp,q = Bl,m,p,q Yl,m ei (pφ+q ψ), (50)

where j ′
l (z) = djl (z)

dz
.

The time dependence of the right-hand side of equation (50) is encapsulated in

ei (pφ+q ψ) = ei (p φ̇+q ψ̇) t+i[p φ(0)+q ψ(0)] = e−i (p ω−q ns) t+i[p φ(0)+q ψ(0)], (51)

provided a uniform rotation with frequency ω and a circular orbit with the mean motion ns are assumed for the asteroid, and the values of
angles at t = 0 are φ(0) and ψ(0). Comparing (51) with the exponential in the left-hand side of (50), we conclude

β2 = i
pω − q ns

κ
, (52)

so β must be a complex quantity

β = ±[
1 + bp,q i

] √
|pω − q ns|

2 κ
, bp,q = sgn(pω − qns). (53)

Without loosing generality, we may focus on the plus sign choice in equation (53), and introduce two auxiliary quantities

βp,q = β−p,−q =
√

|pω − qns|
2κ

, (54)

Zp,q = (1 + ibp,q ) βp,q . (55)

Identifying

δp,q = p φ(0) + q ψ(0), (56)

we find a generic boundary condition

4 εt σ T 3
0 Cl,m,p,q jl(Zp,qR)

[
1 + γ Zp,q

j ′
l (Zp,q R)

jl(Zp,q R)

]
= Bl,m,p,q . (57)

Using a complex quantity

J l
p,q (R) = 1

1 + γ Zp,q
j ′
l
(Zp,q R)

jl (Zp,q R)

, (58)

we obtain

4 εt σ T 3
0 Cl,m,p,q jl(Zp,q R) = Bl,m,p,q J l

p,q (R). (59)

So the solution of a time dependent boundary condition (50) is

4 εt σ T 3
0 T̃l,m,p,q = Bl,m,p,qJ

l
p,q (R) Yl,m ei (pφ+qψ). (60)

In the following considerations, we will use the general form (60), bearing in mind that J l
p,q(R) may have a different form (58) or (48)

depending on the values of indices p and q. Note that changing the signs of both subscripts is equivalent to taking the complex conjugate of
the J function, i.e.

J l
−p,−q = J l ∗

p,q . (61)

4.2.3 Linear solution coefficients as the functions of R

Equation (60) can be immediately applied to the condition (41), where E0 is given by (22), resulting in

4 εt σ T 3
0 T̃1,0 =

∑
l�1

l∑
m=−l

τ
(0)
l,m Yl,m, (62)

where

τ
(0)
l,m = −(1 − A) 


l∑
k=−l

w
1,k
1,l Hk

σ1,1
J l ∗

m,k(R) Dl
m,k. (63)

C© 2009 The Authors. Journal compilation C© 2009 RAS, MNRAS



Analytical YORP torques model 7

In order to find the non-spherical contribution T̃1,1, we inspect the two separate source terms appearing in the right-hand sides of
equation (42): E1 and E1,1 generating, respectively, the two components of

τ
(1)
l,m = τ

(10)
l,m + τ

(11)
l,m (64)

in

4 εt σ T 3
0 T̃1,1 =

∑
l�0

l∑
m=−l

τ
(1)
l,m Yl,m. (65)

The first one, t
(10)
l,m , stems directly from the insolation function part E1 listed in equation (23). Thus, straightforward application of the

rule (60) leads to

τ
(10)
l,m = (−1)m (1 − A) 


∑
j�1

j∑
k=−j

fj,k

l+j∑
p=0

gl
p,j G

m−k,k,−m
p,j,l

p∑
q=−p

Hq w
1,q

1,p

σ1,1
J l ∗

m−k,q (R) D
p

m−k,q . (66)

The second, τ
(11)
l,m , caused by the deviation of normal vector from the radial direction, can be most easily derived by making use of to

the properties of the gradient on unit sphere ∇s. Using the identities of vector analysis, we can rewrite equation (43) in terms of the Laplace
operator on unit sphere:

E1,1 = K

r
∇sT̃1,0 · ∇s� = − K

2 r

[
T̃1,0 �s� + � �sT̃1,0 − �s(T̃1,0�)

]
. (67)

Substituting the series (9) for � and (62) for T̃1,0, we find

E1,1 = − K

8 RεtσT 3
0

∑
j1�1

j1∑
k1=−j1

∑
j2�1

j2∑
k2=−j2

fj1,k1τ
(0)
j2,k2

[
Yj2,k2�sYj1,k1 + Yj1,k1�sYj2,k2 − �s(Yj1,k1Yj2,k2 )

]
. (68)

The action of �s on τ
(0)
j2,k2

, where R is a function of spherical harmonics, has been neglected because it generates second order effects.
The next step involves the property of a single spherical harmonic

�sYl,m = −l (l + 1) Yl,m, (69)

and the Clebsch–Gordan series for the spherical harmonics product

Yj1,k1Yj2,k2 =
j1+j2∑

l=max (|j1−j2|,|k1+k2|)
(−1)k1+k2Gk1,k2,−k1−k2

j1,j2,l Yl,k1+k2 . (70)

As the result

E1,1 = γ

R

∑
l�0

∑
j,k,m,p

(−1)m fj,kτ
(0)
p,m−kg

l
j,pG

k,m−k,−m
j,p,l Yl,m. (71)

Now, the rule (60) leads directly to

τ
(11)
l,m = −(1 − A) 
 (−1)m

γ

R

∑
j�1

j∑
k=−j

fj,k

l+j∑
p=0

gl
p,j G

m−k,k,−m
p,j,l

p∑
q=−p

Hq w
1,q

1,p

σ1,1
J l ∗

m−k,q (R) J
p ∗
m−k,q (R) D

p

m−k,q . (72)

4.2.4 Linear solution as the function of a

Maintaining the first order accuracy with respect to the shape coefficients in our temperature model, we can directly substitute R = a in τ
(1)
l,m.

But the coefficients τ
(0)
l,m require more labour and should be linearized with respect to � after the substitution of R = a(1 + �). The linear

approximation of (63) results in

τ
(0)
l,m = t

(0)
l,m + a � τ

(12)
l,m , (73)

where

t
(0)
l,m = −(1 − A) 


l∑
k=−l

w
1,k
1,l Hk

σ1,1
J l ∗

m,k Dl
m,k, (74)

τ
(12)
l,m = −(1 − A) 


l∑
k=−l

w
1,k
1,l Hk

σ1,1

(
dJ l ∗

m,k

da

)
Dl

m,k. (75)

For the sake of brevity, we adopt a convention that J l
m,k without a specified argument stands for J l

m,k(a). The factor � in equation (75) is the
spherical harmonics series (9). In these circumstances, we resort to the formula (70) to achieve the conversion∑
j1,k1

∑
j2,k2

fj1,k1τ
(12)
j2,k2

Yj1,k1Yj2,k2 =
∑
l,m

t
(12)
l,m Yl,m, (76)
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8 S. Breiter, D. Vokrouhlický and D. Nesvorný

with

t
(12)
l,m = −(1 − A) 
 a (−1)m

∑
j�1

j∑
k=−j

∑
p�1

p∑
q=−p

fj,k Gk,m−k,−m
j,p,l

w
1,q

1,p Hq

σ1,1

dJ
p ∗
m−k,q

da
D

p

m−k,q . (77)

An so, finally, the temperature distribution is given in terms of the mean radius a as

εt σ T 4 ≈ εt σ T 4
0 + 4 εt σ T 3

0 (T1,0 + T1,1) = (1 − A) 


4
+

∑
l�1

l∑
m=−l

[
t

(0)
l,m + t

(1)
l,m

]
Yl,m, (78)

where t
(0)
l,m is given by equation (74), and

t
(1)
l,m = (1 − A) 
 (−1)m

∑
j�1

j∑
k=−j

∑
p�1

p∑
q=−p

fj,k Gk,m−k,−m
j,p,l

w
1,q

1,p Hq

σ1,1

[
gl

p,j

(
1 − χ J

p ∗
m−k,q

)
J l ∗

m−k,q − a
dJ

p ∗
m−k,q

da

]
D

p

m−k,q , (79)

where the dimensionless quantity χ , known from Vokrouhlický (1999) or Vokrouhlický et al. (2007b),

χ = γ

a
= K

4 εt σ T 3
0 a

, (80)

is proportional to the ratio of the thermal parameter and radius of the body scaled by the penetration depth of the thermal wave.

5 E L E M E N T S O F DY NA M I C S

Correcting the sign errors present in section 6 of Breiter & Michalska (2008), we provide the set of equations describing the rotational motion
under the action of a general torque M. Assuming the circular orbital motion of the rigid body and the alignment of the spin axis with the
direction of the maximum moment of inertia, we find

ω̇ = M · ê3

C
, (81)

ε̇ = M · ê1

ω C
, (82)

ϑ̇ = ψ̇ = ns − M · ê2

ω C s
, (83)

	̇ = −φ̇ = ω − c M · ê2

ω C s
= ω + c (ϑ̇ − ns), (84)

for the 3-1-3 Euler angles 	 = −φ − π/2, ε, ϑ = ψ − π/2, and the angular rotation rate ω. C is the maximum moment of inertia, ns is
the orbital mean motion and, as usual, c = cos ε, s = sin ε. The three unit vectors in the above equations define an inertial reference frame
attached to the body’s equator–equinox system: ê1, opposite to the projection of ê′

z (normal to the orbital plane) on the equatorial plane
Oxy; ê2, opposite to the vernal equinox (i.e. directed along ê′

z × êz); and ê3, directed to the north pole. The components of this right-handed,
orthonormal basis in the body frame are given by

ê1 = −cos φ êx − sin φ êy = − 1√
2

[
e−iφ ê+ + eiφ ê−

]
,

ê2 = sin φ êx − cos φ êy = i√
2

[
e−iφ ê+ − eiφ ê−

]
,

ê3 = êz,

(85)

where

ê+ = 1√
2

(êx + i êy) = ê∗
−. (86)

According to the results of Breiter & Michalska (2008), the YORP torque integrated over the body surface can be approximated as

M = M (1) + M (02) + M (11), (87)

where the first order part is

M (1) = −2 i a3

3 c

∑
l�1

l∑
m=−l

f ∗
l,m

[
σ−

l,m t
(0)
l,m+1 ê+ + σ+

l,m t
(0)
l,m−1 ê− + m t

(0)
l,m ê3

]
, (88)

and two second order terms read

M (11) = −2 i a3

3 c

∑
l�1

l∑
m=−l

f ∗
l,m [σ−

l,m t
(1)
l,m+1 ê+ + σ+

l,m t
(1)
l,m−1 ê− + m t

(1)
l,m ê3], (89)

M (02) = 4 i a3

3 c

∑
l,j ,p�1

l∑
m=−l

p∑
q=−p

fl,m fp,q

[
σ−

l,m Gm+1,q,−m−q−1
l,p,j t

(0)
j,−m−q−1 ê− + σ+

l,m Gm−1,q,−m−q+1
l,p,j t

(0)
j,−m−q+1 ê+ + mGm,q,−m−q

l,p,j t
(0)
j,−m−q ê3

]
,

(90)
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with auxiliary symbols

σ−
l,m =

√
(l − m)(l + m + 1)

2
= σ+

l,−m, σ+
l,m =

√
(l + m)(l − m + 1)

2
= σ−

l,−m. (91)

Interested in the long-term evolution of the spin axis obliquity ε and the spin rate ω, we proceed to the expressions of the mean values
of M3 = M · ê3 and M1 = M · ê1, averaged with respect to both φ and ψ angles.

6 ME A N VA L U E S O F TH E YO R P TO R QU E P RO J E C T I O N S

Evaluating the mean YORP torque components responsible for the systematic effects in spin rate and obliquity, we can use the formulae
derived in section 7 of Breiter & Michalska (2008) that initially depend on the mean values of certain t

(0)
l,m and t

(1)
l,m coefficients of the

temperature distribution model.

6.1 Spin component M3

Similar to the plane–parallel case discussed by Nesvorný & Vokrouhlický (2007, 2008) and Breiter & Michalska (2008), we find that both
the first order part of 〈M3〉, i.e. 〈M (1) · ê3〉, and the second order 〈M (02)

3 〉 = 〈M (02) · ê3〉 do vanish regardless of the form of J l
p,q derived above

from the linear temperature model. Thus, the complete 〈M3〉 component is equivalent to 〈M (11)
3 〉 = 〈M (11) · ê3〉, and given by the sum

〈M3〉 = −2 i a3

3 c

∑
l�1

l∑
m=−l

f ∗
l,m m

〈
t

(1)
l,m

〉

= −i α
∑

l,p,j,m

(−1)m mf ∗
l,m fj,m

w
1,0
1,p H0

σ1,1
gl

p,j G
−m,m,0
l,j ,p dp

0,0

[
gl

p,j

(
1 − χ J

p

0,0

)
J l

0,0 − a
dJ

p

0,0

da

]
,

(92)

where

α = 2a3 (1 − A) 


3c
. (93)

Recalling that H 0 = 2, and w
1,0
1,p = 0 when p is odd, we reduce 〈M3〉 to

〈M3〉 = −i 2α
∑

l,j ,p�1

l∑
m=−l

(−1)m mf ∗
l,m fj,m G−m,m,0

l,j ,2p Wp d2p

0,0

[
gl

p,j

(
1 − χ J

p

0,0

)
J l

0,0 − a
dJ

p

0,0

da

]
, (94)

using the special case of the overlap integral Wp defined by the recurrence

Wp = w
1,0
1,2p

σ1,1
=

√
4p + 1

4p − 3

(2p − 1)(2p − 3)

2p(2p + 2)
Wp−1, (95)

with the initial value W0 = −√
π/4. We also recall that

J l
0,0 = 1

1 + χ l
. (96)

Equation (94) can be transformed into a form free of complex quantities:

〈M3〉 = α
∑
l�1

∑
j�1

l∑
m=1

(−1)m m (Cl,mSl+2j,m − Sl,mCl+2j,m)
l+j∑
p=j

G−m,m,0
l,l+2j,2p

(
1 − χJ

2p

0,0

)[
g

l+2j

l,2p J
l+2j

0,0 − gl
l+2j,2p J l

0,0

]
Wp d

2p

0,0. (97)

Note that the terms containing derivatives of the J functions disappeared from this expression.
Finally, we recall it is an advantage to reorganize terms in (97) to give it in explicit series of Legendre polynomials. To that end, we note

that d
2p
0,0 (ε) = P 2p(cos ε) and we obtain

〈M3〉 = α

N−1∑
q=1

Aq P2q (cos ε) , (98)

with

Aq =
q∑

j=1

N−2j∑
l=l1

Ṽl,j ,q

l∑
m=1

S
j

l,m Vl,m,j,q , (99)

where

l1 = max(1, q − j ), (100)

and

S
j

l,m = Cl,mSl+2j,m − Sl,mCl+2j,m, (101)

Vl,m,j,q = m (−1)m G−m,m,0
l,l+2j,2q Wq, (102)
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10 S. Breiter, D. Vokrouhlický and D. Nesvorný

Ṽl,j ,q =
(

1 − χJ
2q

0,0

) [
g

l+2j

l,2q J
l+2j

0,0 − gl
l+2j,2q J l

0,0

]
. (103)

Thus, we factorize Aq into purely numerical V l,m,j,q, shape dependent S
j
l,m and the Ṽl,j ,q depending on physical properties of the body – most

notably on the thermal conductivity.

6.2 Obliquity component M1

The evolution of obliquity ε is governed by equation (82) and we have to find the mean value of the projection M1 = M · ê1. Observing that

ê+ · ê1 = − eiφ

√
2
, ê− · ê1 = − e−iφ

√
2

, ê3 · ê1 = 0, (104)

we find that only the terms factored by ê+ or ê− survive in the torque M projected on ê1.

6.2.1 First order

Using the first order term M1 defined in equation (88), we obtain〈
M

(1)
1

〉
= 2 i a3

3
√

2 c

∑
l�1

l∑
m=−l

f ∗
l,m

[
σ−

l,m

〈
t

(0)
l,m+1 eiφ

〉
+ σ+

l,m

〈
t

(0)
l,m−1 e−iφ

〉]
. (105)

Recalling the definition of t
(0)
l,m, we reject periodic terms by setting m = 0 in equation (105) and k = 0 in the sum of equation (74). Then,

elementary manipulations lead to〈
M

(1)
1

〉
= −α

∑
l�1

Cl,0
w

0,1
1,l H0

σ1,1

√
l(l + 1) dl

1,0 �(
J l

1,0

)
, (106)

where � is the imaginary part of a complex expression.
Using the special function W defined in equation (95) and noting the elation between Wigner d-function and the associate Legendre

functions

dl
1,0 = 1√

l (l + 1)
P 1

l (c), (107)

we reduce the mean first order torque component 〈M (1)
1 〉 to the form〈

M
(1)
1

〉
= −2 α

∑
l�1

C2l,0 WlP
1
2l(c) �(

J 2l
1,0

)
, (108)

involving only even degree zonal harmonics of the shape model.

6.2.2 Second order

In the second order, we first take the sum of ê1 · M (11) and ê1 · M (02) using equations (89) and (90). Then, we substitute the temperature
coefficients defined in equations (74) and (79). Rejecting periodic terms, we find〈
M

(2)
1

〉
= −α

√
2

∑
l�1

∑
j�1

l∑
m=−l

∑
p�0

(−1)mf ∗
l,m fj,m d2p

1,0 Wp

[
σ−

l,m Gm+1,−m,−1
l,j ,2p (Il,j,p + iRl,j,p) + σ+

l,m Gm−1,−m,1
l,j ,2p (Il,j,p − iRl,j,p)

]
, (109)

where we use the real-valued coefficients I l,p,j and Rl,p,j defined by means of

Rl,j,p + i Il,j,p = 2 J
2p

1,0 − gl
j,2p

(
1 − χ J

2p

1,0

)
J l

1,0 + a
dJ

2p

1,0

da
, (110)

i.e. as the real and imaginary parts of the right-hand side of (110). A long chain of tedious manipulations involving symmetry properties of
and recurrence relations between Gaunt coefficients (Breiter & Michalska 2008) leads to the Legendre series〈
M

(2)
1

〉
= −α

N∑
q=1

(Lq + Nq ) P 1
2q (cos ε), (111)

where

Lq =
q∑

j=0

N−2j∑
l=l1

X̃l,j ,q

l∑
m=0

C
j

l,m Xl,m,j,q , (112)

Nq =
q∑

j=1

N−2j∑
l=l1

Ỹl,j ,q

l∑
m=1

S
j

l,m Yl,m,j,q , (113)

C© 2009 The Authors. Journal compilation C© 2009 RAS, MNRAS



Analytical YORP torques model 11

with shape, thermal properties and numerical factors given by

Xl,m,j,q = (−1)m Wq

2q (2q + 1)

1 + δ0,m

1 + δ0,j

Gm,−m,0
l,l+2j,2q , (114)

Yl,m,j,q = (−1)m Wq

2
√

q (2q + 1)

(
σ+

l,mG
m−1,−m,1
l,l+2j,2q − σ−

l,mG
m+1,−m,−1
l,l+2j,2q

)
, (115)

X̃l,j ,q = g
l+2j

l,2q Il,l+2j,q + gl
l+2j,2qIl+2j,l,q , (116)

Ỹl,j ,q = (Rl,l+2j,q − Rl+2j,l,q ), (117)

C
j

l,m = Cl,mCl+2j,m + Sl,mSl+2j,m. (118)

Having established the general solution for the YORP effect, valid regardless of the mean radius a, we can ask about the limits cases:
large body and small body. The approximations will modify the Ṽl,j ,q , �(J 2l

1,0), X̃l,j ,q and Ỹl,j ,q terms.

7 LA R G E R A D I U S A P P ROX I M AT I O N

According to equation (103), the YORP torque 〈M3〉, responsible for the spin rate, depends only on the simple functions J
p
0,0. For sufficiently

large a, or – more precisely – for sufficiently small χ , we can use a linearized form

J n
0,0 ≈ 1 − nχ + O(χ 2), (119)

and – dropping the O(χ ) remainder – we obtain

Ṽl,j ,q ≈ −2j (1 + 2j + 2l). (120)

This expression is equivalent to the plane-parallel solution given by Breiter & Michalska (2008). We have decided to abandon the term
proportional to the first power of χ , because it improves the accuracy only in a very narrow range of χ values, whereas for larger χ it seriously
degrades the solution quality.

In the obliquity related torque 〈M1〉, we need the approximation of functions J n
1,0 and their first derivatives. First we have to find the

asymptotic approximation of the special case of the general formula (58):

J n
1,0 = 1

1 + γ Z1,0
j ′
n(Z1,0 a)

jn(Z1,0 a)

. (121)

From now on, we assume that the rotation frequency ω is strictly positive. This assumption is by no means restrictive, because retrograde
rotators will have the obliquity ε > π/2 with positive ω. However, assuming ω > 0 we simplify Z1,0 that becomes

Z1,0 = (1 + i)

√
ω

2κ
. (122)

Interestingly, we find that J n
1,0 no longer depends on n in the large body limit. An asymptotic expansion leads to1

J n
1,0 ≈ (1 + �1) + i �1

Q
+ χ

1 + 2�1 + 2 i �1 (1 + �1)

Q2
+ O(χ 2), (123)

where

�1 = γ

√
ω

2κ
, Q = 1 + 2 �1 (1 + �1). (124)

�1 is the thermal parameter known from the heat diffusion theory (see Spencer, Lebofsky & Sykes 1989; Vokrouhlický 1998, 1999;
Vokrouhlický et al. 2007b). Differentiating (123), we find another term required in equation (110)

a
dJ n

1,0

da
≈ −χ

1 + 2 �1 + 2 i �1(1 + �1)

Q2
. (125)

Substituting the asymptotic approximations into equation (110) and dropping O(χ ) terms, we obtain

Rl,p,j + i Il,p,j = 2 J
2p

1,0 − gl
j,2p

(
1 − χ J

2p

1,0

)
J l

1,0 + a
dJ

2p

1,0

da
≈ (

gl
j,2p − 2

) 1 + �1 + i �1

Q
. (126)

Thus, we simplify the coefficients of the obliquity related torque 〈M1〉 substituting

�(J 2l
1,0) ≈ �1

Q
(127)

in the first order part (108), and

X̃l,j ,q = g
l+2j

l,2q Il,l+2j,2q + gl
l+2j,2qIl+2j,l,2q ≈

[
2q (2q + 1) − g

l+2j

l,2q gl
l+2j,2q

] 2 �1

Q
, (128)

1Compare with Vokrouhlický (1998), equations (33)–(34).

C© 2009 The Authors. Journal compilation C© 2009 RAS, MNRAS



12 S. Breiter, D. Vokrouhlický and D. Nesvorný

Ỹl,j ,q = (Rl,l+2j,2q − Rl+2j,l,2q ) ≈ −2j (1 + 2l + 2j )
1 + �1

Q
. (129)

And so we recover the results for the plane parallel model from Breiter & Michalska (2008).2

8 SMA LL RADIUS APPROX IMATION

The opposite limit of small bodies is also of great interest, because of the YORP power to modify their rotation state at shorter time-scales. In
principle, we know that the YORP torque M itself should vanish for isothermal bodies. Finite conductivity makes the bodies more isothermal
at the limit of small size, such that we may want to know exactly how the YORP torque behaves close to a = 0.

In the limit of small a, or rather χ−1 � 1, the spin-related functions can be approximated as

J n
0,0 = 1

1 + nχ
≈ 1

n χ
− 1

(n χ )2 + O(χ−3). (130)

Quite similar to J n
0,0, the functions present in the obliquity related terms have the Maclaurin expansion

J n
1,0 ≈ 1

n χ
− 1

(n χ )2 + O(χ−3). (131)

Note that in this approximation J n
1,0 is a real quantity that generates no thermal lag phase. Imaginary part appears at the terms factored by at

least a3. The same is true for

a
dJ n

1,0

da
≈ 1

nχ
− 2

(nχ )2 + O(χ−3). (132)

Using the above expressions truncated at O(χ−1), we obtain the simplified version of coefficients

Ṽl,j ,q ≈ Ỹl,j ,q ≈ 1

χ

j (1 − 2q) [(l + j )(1 + 2l + 2j ) + q(2q + 1)]

l (l + 2j ) q
, (133)

�(J 2l
1,0) ≈ X̃l,j ,q ≈ 0. (134)

9 EX E M P L A RY A P P L I C AT I O N : 1 9 9 8 K Y 2 6

In order to illustrate, the difference between the present solution and previous analytical models, we consider the asteroid 1998 KY26. The
YORP effect on this object was studied using numerical methods (Vokrouhlický & Čapek 2002; Čapek & Vokrouhlický 2004), and analytical
or semi-analytical models (Nesvorný & Vokrouhlický 2007, 2008; Breiter & Michalska 2008; Scheeres & Mirrahimi 2008). In the present
study, we used the shape model of this object expressed in terms of spherical harmonics up to degree and order 100. The same model was used
in (Nesvorný & Vokrouhlický 2007, 2008), but only up to degree 24, because increasing the harmonic degree and order in the formulation of
Nesvorný & Vokrouhlický (2008) led to serious numerical instability problems.

In all computations, we assumed the following parameters: a circular orbit with major semi-axis 1.23 au, density ρ = 2800 kg m−3,
heat capacity cp = 680 J kg−1 K−1, emissivity εt = 1, albedo A = 0 and the maximum moment of inertia C = 1.74 ρa5 kg m2, scaled by the
density and the fifth power of the mean radius a. Whenever the radius remained fixed, we assumed a ≈ 13.176 m implied by the spherical
harmonics expansion of the 4092 triangles model derived from the radar observation by Ostro et al. (1999). Similarly, we took the rotation
rate ω = 2π/642.24 rad s−1, unless we used it as an independent variable.

First, we addressed the question of the dependence of the YORP effect on the conductivity of the 1998 KY26. Fig. 2 presents the usual
YORP versus obliquity curved with ω̇ plotted to the left, and ωε̇ to the right. Both curves were created by means of the general solution.
The results for ωε̇ fairly well agree with those of Čapek & Vokrouhlický (2004) or Nesvorný & Vokrouhlický (2008), testifying that the
plane–parallel model is a good approximation for the attitude dynamics of this particular object. But ω̇ reveals the dependence on conductivity
that did not exist in any of the previous models.3 Compared with the influence on obliquity, it takes much higher conductivity (at least
1 W m−1 K−1) to observe a significant deviation of ω̇ from the Rubincam’s approximation. Yet, K = 1 W m−1 K−1 is still a realistic value
(e.g. Delbó et al. 2003).

Since the principal improvement of the previous YORP model consists in accounting for a finite radius, we computed the effect for a
family of scaled down KY26-like objects with various radii, starting from a micrometeoroid with a = 10 μm, up to a = 10 m, assuming a
moderate conductivity K = 0.01 W m−1 K−1. The results are presented in Fig. 3, where we confront the general solution (solid line) with a
large body approximation (dotted) and small body limit (dashed). To the left, we present the values of ω̇ for the obliquity ε = 0; to the right,
the curves show |ε̇| at ε = 45◦. We marked the part of the solid curve that refers to ε̇ < 0 by shading the area below it. In both panels, we see
the transition from the large body limit, where the YORP effect is proportional to a−2, to the small body limit with the effect proportional to
a−1. The transition, however, occurs at different radii for the rotation rate and the obliquity evolutions. Moreover, in the intermediate regime,

2Apart from a typesetting error in the respective equation (101) of Breiter & Michalska (2008). See also Appendix B of the present paper.
3Strictly speaking, Scheeres & Mirrahimi (2008) did introduce a conductivity-dependent factor in the discussion of ω̇ presented in Section 4.3, but their a
posteriori correction seems unjustified and incorrect. Note that it depends also on ω which contradicts the averaged boundary conditions.

C© 2009 The Authors. Journal compilation C© 2009 RAS, MNRAS



Analytical YORP torques model 13

0 50 100 150

0.2

0.1

0.0

0.1

0.2

0.3

0.4

Obliquity deg

d
dt

ra
d

s
M

y

0 50 100 150

0.15

0.10

0.05

0.00

0.05

0.10

0.15

Obliquity deg

d
dt

ra
d

s
M

y

Figure 2. Obliquity dependence of the YORP effect for 1998 KY26 with various conductivity values.
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Figure 3. Radius dependence of the YORP effect on 1998 KY26 shaped objects. Large body (dotted) and small body (dashed) approximations are confronted
with the general solution (solid line). Shaded area refers to the part where ε̇ < 0.
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Figure 4. Rotation rate dependence of the YORP in obliquity for 1998 KY26. Left: original radius, right: a = 1 cm.

the curve of ε̇ as a function of ε is flipped with respect to the one in Fig. 2. This inversion, occurring without any qualitative change in the
shape of ω̇ as a function of obliquity, calls for a new look at the types I and II YORP introduced by Vokrouhlický & Čapek (2002). For
example, all type I objects in fig. 11 of Vokrouhlický & Čapek (2002) are characterized by ω̇ > 0 at ε = 0, ω̇ < 0 at ε = 90◦ and ε̇ � 0 for
0 � ε � 90◦. With a new thermal model, we meet the situation where the first two properties are not followed by the third.

In order to understand why the transition occurs at different radii for ω̇ and ε̇, we should inspect the linearization process in Sections 7
and 8. The expansions have been performed according to the magnitude of a, but the radius never appears alone. For ω̇ it makes a part of
χ = γ /a, and indeed, the values of 0.01 < a < 0.1 m in the case of our test body refer to 0.28 > χ > 0.028, when the term 2qχ in functions
J

2q
0,0 = 1/(1 + 2q χ ) is neither a large nor a small parameter for the first few values of q. But in the J

2q
1,0 and their derivatives, that appear in ε̇

expressions, a is a factor of the argument a Z1,0, involving also the rotation rate present in �1. Thus, a = 0.01 still refers to |a Z1,0| = 13.6,
and only at a = 0.001 the argument drops to |a Z1,0| = 1.36.

The dependence of the YORP effect on ω deserves some attention. First, we recall that – within the assumptions of the present solution
– the rotation rate related part of the effect is independent on ω. The dependence of ε̇ is twofold: we should distinguish the contribution of
ω in the denominator of equation (82), and the influence of ω on the torque 〈M1〉. The former is obvious, so Fig. 4 presents only the latter,
showing the product ωε̇, or – where necessary – its absolute value at ε = 45◦. Similar to Fig. 3, we confront the general solution (solid line)
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Figure 5. YORP effect for 1998 KY26 as a function of the maximum degree of shape harmonics N. Top: original radius, bottom: a = 0.1 mm.

with the small body limit (dashed) and large body limit (dotted). In this example, we assumed an intermediate value of conductivity K =
0.1 W m−1 K−1. The most evident feature of Fig. 4, both for the original radius a ≈ 13 m (left), and for a scaled down object of a = 0.01
m, is the presence of two regimes: the torque 〈M1〉 is practically independent on ω for slow rotators, and inversely proportional to ω for fast
rotators. In other words, ε̇ is proportional to ω−1 for slowly rotating objects, and it turns into the ω−2 proportionality when the rotation rate
increases.

Of course, the dependence on ω is connected with the argument a Z1,0. For the original size of our test body, the value of |a Z1,0| is
still as high as 18 for ω = 10−7 rad s−1. This explains why the large body approximation cannot be distinguished from the general solution
in the left-hand panel of Fig. 4, and the small body limit gives completely unrealistic values. But when we pass to a centimetre size object,
the argument |a Z1,0| takes values between 1.4 and 2 in the shaded zone of the right-hand panel, where none of the approximations is
decent.

Finally, Fig. 5 answers the question how many shape harmonics are needed to provide a good approximation of the YORP torque
computed according to the present theory with K = 0.1 W m−1 K−1. Apart from a different behaviour at low N, we conclude that shape
harmonics up to N = 20 provide ω̇ with a relative error of 3 per cent for a ≈ 13 m and 0.6 per cent for a = 0.1 mm. A similar situation is
met for ε̇ where the errors are 6 per cent and 0.4 per cent, respectively. However, the 1998 KY26 model provides a smooth surface and its
high degree and order harmonics result from the interpolation of a lower resolution triangular mesh. The situation may change for objects
with craters and boulders, where the contribution of higher N harmonics should be considerable. Yet, in that case the influence of shadowing
is too important to allow a direct application of our theory based upon the spherical terminator approximation.

1 0 C O N C L U S I O N S

The new analytical model of the YORP effect shares with the previous ones a major part of the limitations. A homogeneous object has
been assumed, the shape cannot be too irregular (normal vectors cannot deviate too much from the radial direction). Moreover, surface
temperature variations have been linearized and the rotation model excludes not only tumbling, but also any kind of a spin-orbit resonance.
Yet, it suppresses two assumptions of previous analytical YORP models: the heat diffusion equation has been solved without assuming an
infinite radius, and the boundary conditions account for the deviation of outward normal from the radius vector in the conduction term.
The infinite radius has been the assumption not only in analytical, but also in numerical YORP models. As a consequence, there exists no
numerical model that might serve as an accuracy test for the present solution. Such a numerical model should be built in the spirit of Spitale
& Greenberg (2001), but the extension of their algorithm to non-spherical shapes is a fairly complicated task, especially in the context of the
YORP sensitivity to fine details of a body shape (e.g. Statler (2009), Breiter et al. (2009)).

Out of the two improvements, the former (a finite radius) is more important. It allows to inspect the qualitative aspect of the YORP effect
for smaller objects. In the Rubincam’s approximation or in the large body limit, the YORP torque depends on the radius only through the
coefficients α, proportional to a3. In the small body limit, the influence of conductivity manifests in making the torque proportional to a4.

C© 2009 The Authors. Journal compilation C© 2009 RAS, MNRAS



Analytical YORP torques model 15

Thus, speaking about the torque, we conclude that it tends to 0 with the decreasing radius faster than the previous models suggested.4 Yet,
when it comes to discussing the YORP effect in rotation rate, we have to divide the torque by the maximum moment of inertia proportional
to a5 and, conclusions become less comfortable. Even in the small body limit, ω̇ is proportional to a−1. This implies that small meteoroids
should spin up to unreasonably high, not to say relativistic, angular velocities in quite short time. And even if a non-linear temperature model
would additionally damp the thermal YORP torque, the torque due to a scattered light does remain proportional to a3 (see Appendix A),
spinning up the bodies at the a−2 proportional rate, as it was already proposed by Paddack (1969).

The most probable way out of this catastrophic ‘inevitable breakup’ scenario is the tumbling rotation state. If the rotation axis migrates
away from the principal axis of maximum inertia, we can expect a random walk in obliquity, accompanied by the change of shape harmonics
in the new reference frame related to the spin axis. Wandering between positive and negative values of ω̇, a meteoroid can avoid a quick,
systematic spin-up. Some (although not all) of the simulated objects in the paper of Vokrouhlický et al. (2007a) indeed followed this scenario.

Interestingly, decreasing the radius, we recover some kind of similarity with the Rubincam’s approximation: thermal lag disappears due
to the fact that the normal component of temperature gradient becomes very low and can be neglected in the boundary conditions.

In the improved thermal model, we still observe no seasonal YORP effect: unlike in the case of orbital Yarkovsky effect, averaging
with respect to the orbital motion leaves no constant part. A similar conclusion resulted from previous analytical and numerical models. The
present paper shows that it remains valid even for a finite body temperature distribution.

When conductivity is high, or the radius is small, the influence of finer shape details on the YORP effect becomes reduced. This statement
is based not only upon the inspection of Fig. 5, but it also justified by the way the small body limit expressions depend on a harmonic’s
degree. On the other hand, like all previous conclusions, it has to be preceded by the clause ‘within the assumptions of the model’.
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APPEN D IX A : G ENERALIZATION AND COMPUTATI ONA L R ECI PES

For the readers convenience, we outline the procedure of computing the YORP effect, providing also the generalization for the joint effect
of the torques due to the immediate Lambertian scattering of incoming energy flux (ω̇L, ε̇L) and due to the thermal reradiation (ω̇, ε̇). The
complete effect is

ω̇c = ω̇ + ω̇L, ε̇c = ε̇ + ε̇L. (A1)

4If the body is small, its two opposite points are thermally connected and the resulting gradient becomes nearly linear. We owe this intuitive explanation to the
reviewer’s comment by Dr. Rubincam.
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Obviously, the components obey the same dynamics equations (81) and (82) with the thermal radiation torque M from equation (1) and the
scattering torque:

Mc = −2

3

A 


c

∮
S

max (0, n̂ · n̂	) (r × dS). (A2)

The various levels of approximation that follow are related to the way of handling the thermal radiation component. In all cases, one
needs the dimensionless, normalized shape coefficients C l,m, S l,m, the reference radius of the shape model a, the maximum moment of inertia
C and the mean power flux 
 (20) with the orbital semi-axis substituted for r0. Numerical coefficients V l,m,j,q, Xl,m,j,q and Y l,m,j,q up to l = N =
100 and the FORTRAN 77 code computing the thermal YORP can be downloaded from the first author’s web page http://vesta.astro.amu.edu.pl/
∼breiter/YORP2009. X coefficients are not needed for the Rubincam’s approximation or the small body model.

A1 Rubincam’s approximation

Unless we are interested in a separate contribution of thermal and scattering terms, albedo A plays no role in the final expressions. So, instead
of α, we use

α1 = 2 a3


3c
. (A3)

Then, we compute subsequent Fq and Gq

Fq = −2
q∑

j=1

N−2j∑
l=l1

j (2l + 2j + 1)
l∑

m=1

S
j

l,m Vl,m,j,q , (A4)

Gq = −2
q∑

j=1

N−2j∑
l=l1

j (2l + 2j + 1)
l∑

m=1

S
j

l,m Yl,m,j,q , (A5)

where l1 = max(1, q − j ), and Sj
l,m is defined in equation (101). Finally,

ω̇c = α1

C

N−1∑
q=1

Fq P2q (c), (A6)

ε̇c = − α1

ω C

N∑
q=1

Gq P 1
2q (c), (A7)

where c = cos ε, Pq are Legendre polynomials and P 1
2q are associated Legendre functions. If needed, thermal and scattering contributions are

easily obtained through the multiplication by (1 − A) or A, respectively. Fq and Gq serve to compute the scattering terms in all following
approximations.

A2 Small body model

Either we specify the value of χ or we compute it from equations (80) and (39), given conductivity K, albedo A and emissivity εt. Then, using
equations (99), (101), (113) and (132), we evaluate all Aq and Nq. Final expressions are

ω̇c = α1

C

N−1∑
q=1

[(1 − A) Aq + AFq ] P2q (c), (A8)

ε̇c = − α1

ω C

N∑
q=1

[(1 − A) Nq + AGq ] P 1
2q (c). (A9)

A3 Large body model

For ω̇c, the large body model is equivalent to the Rubincam’s approximation from Section A1. The effect in obliquity requires the value
of �1, computed from density ρ, heat capacity cp, conductivity K, emissivity εt, albedo A and rotation rate ω using equations (31), (39),
(49) and (124). Then, we evaluate Lq and Nq using equations (112), (113), (118), (101), (128), and (129). Numerical coefficients Wq are
easily computed from equation (95). Finally, using Gq from Section A1, we obtain

ε̇c = − α1

ω C

N∑
q=1

[
(1 − A)

(
2 C2q,0 W2q�1 Q−1 + Lq + Nq

) + AGq

]
P 1

2q (c). (A10)
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A4 General solution

Given cp, K , εt, A and ω, we begin by computing γ , χ and �1 from equations (31), (49), (39) and (124). Numerical coefficients Wq are
generated according to equation (95).

The effect in rotation rate requires Fq from Section A1 and Aq defined in equations (99), (100), (101), (103) with J n
0,0 = (1 + nχ )−1.

Then, ω̇c is given by equation (A8).
The effect in obliquity is more complicated, because it involves spherical bessel functions and their derivatives. To avoid overflow

problems, we use the approach based upon the idea of Cantrell (1988). Given the complex argument z = a Z1,0 = (1 + i) �1/χ , we evaluate
subsequent

wn = j ′
n(z)

jn(z)
, vn = d

dz

[
j ′
n(z)

jn(z)

]
. (A11)

For some high value of n, we assume wn = vn = 0, and follow a stable downward recurrence

wn−1 = n − 1

z
− 1

wn + (n + 1) z−1
, vn−1 = −n − 1

z2
− n + 1 − vn z−2

(n + 1 + wn−1 z)2 . (A12)

The initial value of n should be high enough to guarantee a good accuracy. We take n = n1 = max(|z|, 2N + 1) as a first guess and then
repeat computations starting from n = 2n1. If the difference between v2N or w2N obtained from the two starting values of n is too high, we
further increase the initial n until the required accuracy is met.

The complex values wn and vn serve to compute the functions

J n
1,0 = 1

1 + χ z wn

, a
dJ n

1,0

da
= −χ z vn

(
J n

1,0

)2
, (A13)

and these, in turn, enter equation (110), serving to compute X̃l,j ,q (116) and Ỹl,j ,q (117), with the definition of gl
j,q provided in equation (25).

Using equations (101), (112), (113), (108) and (118), we obtain

ε̇c = − α1

ω C

N∑
q=1

{
(1 − A)

[
2 C2q,0 W2q�(J 2q

1,0) + Lq + Nq

]
+ AGq

}
P 1

2q (c), (A14)

where Gq is defined in Section A1.

A P P E N D I X B: ER R ATA TO ( B R E I T E R & M I C H A L S K A 2 0 0 8 )

While preparing the present paper, few errors were discovered in the text of Breiter & Michalska (2008). The major point is a wrong relation
between the 3-1-3 and 3-2-3 Euler angles, combined with an incorrect definition of vectors ê1, ê2. However, the two errors mutually cancel
and had no influence on the final YORP effect expressions.

As far as the Euler angles problem is concerned, equations (15) and (16) of the present paper correct the erroneous equations (15), (17)
and (A14) in Breiter & Michalska (2008). Fig. 1 is the correct version of fig. 1 from Breiter & Michalska (2008), resolving the issue of ê1, ê2.
The proper description of these vectors given in Section 5 corrects the text below equation (75) of (Breiter & Michalska 2008).

Equation (101) given by Breiter & Michalska (2008) contains a typographic error. Its correct form can be deduced from the present
paper, but in a different notation. Using the symbols from Breiter & Michalska (2008), it should read

U c
l,m,j,p = (−1)m

2 − δ0,j

2 − δ0,m

[
gl

2p,l+2j g
l+2j

2p,l

p (2p + 1)
− 2μ

]
Gm,−m,0

l,l+2j,2p Wp.

This paper has been typeset from a TEX/LATEX file prepared by the author.
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