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1 Introduction

The present paper follows the accompanying Paper I, in which we investigate
different algorithms to compute the orbital perturbations of Oort cloud comets
caused by passing stars. In the present one, Paper II, we present several fast
integrators and mappings which modelize the effects of the galactic tide. The
results computed with these methods are compared with those obtained using
a numerical integration of the equations of motion.

To model the normal and radial components, with respect to the galactic
plane, of the Galactic tide different methods and mappings are developed in
Section 2. First of all in Section 2.1 we give the equations of motion of a comet
perturbed by the Galactic tide. Then the following models are described,
namely:

• a symplectic and regularised integrator (Section 2.2);
• some averaged Hamiltonian models using, according to the value of the or-

bital eccentricity e, either the Delaunay elements or the “Matese elements”
and, for each model, mappings based on the respective Taylor development
(Section 2.3);
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• a Lie-Poisson averaged model (Section 2.4).

In Section 3 the results of calculations performed using the different models
are compared to those obtained by numerical integrations. This comparison
allows us to build models which use a composition of two different kinds of
integrators in order to increase the velocity of the integrations minimising the
loss of accuracy (Section 4). Section 5 is devoted to the conclusions.

2 Models of Galactic tide effects on cometary orbits

2.1 The Cartesian model

To establish the equations of motion, we consider two different heliocentric
frames. The first one is a rotating frame with the x̂′–axis in the radial direction
pointing towards the Galactic center, the ŷ′ axis pointing transversely along
the local circular velocity, and ẑ completing a right-handed system. The fixed

frame (x̂, ŷ, ẑ) is such that it coincides with the rotating frame (x̂′, ŷ′, ẑ) at
time t = 0 while keeping its axial directions fixed (see Fig. 1 of [8]).

Let us define Ω0 as the angular velocity about the Galactic center, assum-
ing the Sun to follow a circular orbit (since the motion of the Sun around
the Galaxy is clockwise in both our frames, Ω0 is negative, i.e., the vector is
directed along −ẑ). If φr is an angle in the Galactic plane measured in the
rotating frame from x̂′, and φ the corresponding angle measured in the fixed
frame from x̂ at time t, we have the relation: φ = φr +Ω0t (see Fig. 1 of [8]).
All the final results will be presented in the fixed frame.

The force F per unit of mass acting on a test particle orbiting the Sun
under the influence of the Galactic tide is given by (see [10]):

F = −µM⊙

r3
r + (A−B)(3A+B)x′x̂′ − (A−B)2y′ŷ′

−[4πµρ⊙ − 2(B2 −A2)]zẑ, (1)

where x′, y′, z are the coordinates of the comet in the rotating frame, r is the
Sun-comet vector of length r, A and B are the Oort constants, and ρ⊙ is the
local density of the Galactic disk in the solar neighbourhood. In the remaining
of the paper we will assume ρ0 = 0.1M⊙ pc−3 [12] and an angular velocity
of the Sun around the Galactic Center Ω0 = B −A = −26kms−1kpc−1, with
the approximation A = −B.

The unit of mass is the solar mass (M⊙ = 1), the unit of time is the year,
and the unit of length is the Astronomical Unit (AU). As a consequence, the
gravitational constant µ is equal to 4π2.

Let G1, G2 and G3 be defined by

G1 = −(A− B)(3A+B)

G2 = (A−B)2 (2)

G3 = 4πµρ⊙ − 2(B2 −A2).
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Then, with the chosen values of A, B and ρ0, one has:

G2 = −G1 = 7.0706 × 10−16 yr−2,
G3 = 5.6530 × 10−15 yr−2,
Ω0 = −

√
G2.

(3)

One may note that the relation G2 = −G1 is a particular case which corre-
sponds to a flat rotation curve of the Galaxy, i.e., to a constant tangential
velocity of the stars around the galactic center whatever the star distance to
the galactic center. Numerical experiments have shown that another choice of
Oort constants A and B consistent with the observations does not affect the
long term dynamics of the Oort cloud comets [9]. Consequently, some of the
models presented here will use the relation G2 = −G1 in order to simplify the
equations.

The general equations of motion in Cartesian coordinates are:

d2x

dt2
= −µM⊙

r3
x− G1x

′ cos(Ω0t) + G2y
′ sin(Ω0t)

d2y

dt2
= −µM⊙

r3
y − G1x

′ sin(Ω0t) − G2y
′ cos(Ω0t) (4)

d2z

dt2
= −µM⊙

r3
z − G3z,

where x, y, z are the coordinates of the comet in the fixed frame [thus x′ =
x cos(Ω0t) + y sin(Ω0t) and y′ = −x sin(Ω0t) + y cos(Ω0t)]. Equations (4) will
be referred to as the Cartesian model, also denoted RADAU. The RADAU
integrator described by [7] is used at the 15th order, with LL=12, to integrate
Eqs. (4). This integrator was chosen because it is fast, reliable and accurate
compared to other non-symplectic integrators.

2.2 Regularised symplectic integrator

This method was first introduced in [5]. For a detailed decription of the method
one should read the original paper, only the key points are presented here. In
the following we recall the key steps.

Hamiltonian in Cartesian variables

From Equation (1) the complete Hamiltonian is given by:

H = H0 + H1 (5)

H0 = 1
2

(

X2 + Y 2 + Z2
)

− µ

r
, (6)

H1 = 1
2

(

G1x
′2 + G2y

′2 + G3z
2
)

, (7)

where (X,Y, Z)T is the velocity vector of the comet in the fixed frame.
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Introducing the first equation of system (3) explicitly, we can rewrite H1

as
H1(x, y, z, t) = 1

2
G2

[

(y2 − x2)C − 2xyS
]

+ 1
2
G3z

2, (8)

where
C = cos (2Ω0t), S = sin (2Ω0t). (9)

It is well known that in cometary problems one cannot expect to meet
moderate eccentricities of orbits; some kind of regularisation will become un-
avoidable if a fixed step integrator is to be applied. One of the standard reg-
ularising tools is the application of the so-called Kuustanheimo-Stiefel (KS)
transformation that turns a Kepler problem into a harmonic oscillator at the
expense of increasing the number of degrees of freedom [16]. The approach
of [6] is used to set the KS variables in the canonical formalism.

KS variables

Leaving aside the in-depth quaternion interpretation of the KS transformation
given in [6], we restrict ourselves to the basic set of transformation formulae,
treating the KS variables as a formal column vector. In the phase space of the
KS coordinates u = (u0, u1, u2, u3)T and KS momenta U = (U0, U1, U2, U3)T,
the former are defined by means of the inverse transformation

x = (u2
0 + u2

1 − u2
2 − u2

3)/α,

y = 2 (u1u2 + u0u3)/α, (10)

z = 2 (u1u3 − u0u2)/α,

where α is an arbitrary parameter with the dimension of a length. A dimension
raising transformation cannot be bijective, so the inverse of (10) is to some
extent arbitrary. Following [6] we adopt

u =

√

α

2 (r + x)
(0, r + x, y, z)

T
, (11)

for x ≥ 0, and

u =

√

α

2 (r − x)
(−z, y, r − x, 0)T , (12)

otherwise. A remarkable property of this transformation is that the distance
r becomes a quadratic function of ui, namely

r =
√

x2 + y2 + z2 =
u2

0 + u2
1 + u2

2 + u2
3

α
=

u2

α
. (13)

The momenta conjugate to u are defined as

U =
2

α









u0X + u3Y − u2Z
u1X + u2Y + u3Z
−u2X + u1Y − u0Z
−u3X + u0Y + u1Z









. (14)
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The inverse transformation, allowing the computation of R = (X,Y, Z)T,

R =
1

2 r





u0U0 + u1U1 − u2U2 − u3U3

u3U0 + u2U1 + u1U2 + u0U3

−u2U0 + u3U1 − u0U2 + u1U3



 , (15)

can be supplemented with the identity

u1U0 − u0U1 − u3U2 + u2U3 = 0. (16)

In order to achieve the regularisation without leaving the canonical formalism,
we have to change the independent variable from t to a fictitious time s and
consider the extended phase space of dimension 10, with a new pair of conju-
gate variables (u∗, U∗). Thus, in the extended set of canonical KS variables,
the motion of a comet is governed by the Hamiltonian function

M =
4 u2

α2
(K0 + U∗ + K1) = 0, (17)

where K0 and K1 stand for H0 and H1 expressed in terms of the extended
KS variables set. The transformation just presented is univalent, hence the
respective Hamiltonians will have different functional forms, but equal values:
H0 = K0, H1 = K1. Restricting the motion to the manifold of M = 0 is of
fundamental importance to the canonical change of independent variable; in
practical terms we achieve it by setting

U∗ = −K0 −K1, (18)

at the beginning of the numerical integration.
Splitting the Hamiltonian function M into the sum of the principal term

M0 and of a perturbation M1, we have

M0 = 1
2

U2 + (4U∗/α2) u2, (19)

M1 =
4 u2

α2
H1(x, y, z, t). (20)

Although nothing prohibits u∗ and t from differing by an additive constant,
we do not take advantage from this freedom and will therefore use the symbol
t in most instances instead of the formal u∗. In the next Section we provide
equations of motion generated by M0 and M1 alone; the complete equations
of motion can be quickly obtained by adding the respective right-hand sides.

Keplerian motion

The principal virtue of the KS variables consists in their ability to trans-
form the Kepler problem into a four-dimensional oscillator with a constant
frequency
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ω = 2

√
2U∗

α
. (21)

In addition one gets the equation for the fictitious time s, that may be written
as:

ds

dt
=

α

4 r
. (22)

Thanks to the introduction of α, the fictitious time s has the dimension of
time and if we assume

α =
2µ

|U∗| , (23)

orbital periods in s and t will be equal.
For U∗ > 0, the map Φ0 representing the solution of the Keplerian motion

can be directly quoted from [2]. If ∆ is the fictitious time step, then

Φ0,∆ :





u

U

U∗



→





u cosω∆+ Uω−1 sinω∆
−uω sinω∆+ U cosω∆

U∗



 . (24)

Moreover, if v = Φ0,∆u and V = Φ0,∆U are the final values of variables,

Φ0,∆ : t→ t+
2∆

α2

(

u2 +
U2

ω2

)

+ 2
uTU − vTV

α2ω2
. (25)

One may easily check that the sum u2 + U2ω−2 is invariant under Φ0 and
it can be replaced by v2 + V 2ω−2 in practical computations of the Kepler
equation (25).

It may happen, however, that U∗ < 0 (when the motion is hyperbolic for
instance). A simple modification of Φ0 in that case amounts to take

ω = 2

√
−2U∗

α
, (26)

and replacing equations (24) and (25) by

Φ0,∆ :





u

U

U∗



→





u coshω∆+ Uω−1 sinhω∆
uω sinhω∆+ U coshω∆

U∗



 , (27)

and

Φ0,∆ : t→ t+
2∆

α2

(

u2 − U2

ω2

)

− 2
uTU − vTV

α2ω2
. (28)

Similarly to the elliptic case, u2 − U2/ω2 is invariant under Φ0.



Galactic perturbations on the Oort cloud 7

Galactic tide

The Hamiltonian M1 has the nice property of being independent from the
momenta. Thus a half of the equations of motion have right-hand sides equal
to zero, and the remaining right-hand sides are constant.

Accordingly, all KS coordinates are constant, the physical time t does not
flow, and the momenta are subjected to a linear ‘kick’:

Φ1,∆ :









u

t
U

U∗









→









u

t
U −∆F (u, t)
U∗ −∆F ∗(u, t)









. (29)

Mixing Cartesian and KS variables for the sake of brevity, we can represent
F and F ∗ as

F =
8H1

α2
u +

4u2

α2

∂H1

∂u
(30)

F ∗ =
4 u2

α2
Ω0 G2ξ3, (31)

where

∂H1

∂u
= −G2 ξ2

∂x

∂u
+ G2 ξ1

∂y

∂u
+ G3 z

∂z

∂u
(32)

ξ1 = yC − xS,

ξ2 = xC + yS, (33)

ξ3 = (x2 − y2)S − 2 x y C.

Symplectic corrector

One of the advantages offered by the integrators introduced in [11] is a simple
definition of a symplectic corrector – an extra stage that improves the accu-
racy in perturbed motion problems. The symplectic corrector is defined as a
solution of the equations of motion generated by

Mc = {{M0, M1} , M1} , (34)

where { , } is the canonical (or ‘symplectic’) Poisson bracket in the phase space
spanned by u, t,U , U∗. Observing that M0 is quadratic in U and linear in
U∗, we easily obtain

Mc(u, t) =

3
∑

i=0

(

∂M1

∂ui

)2

= F 2. (35)

The solution of the equations of motion derived from Mc results in:
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Φc,∆ :









u

t
Uj

U∗









→













u

t

Uj − 2∆
(

∂F
∂uj

)

· F
U∗ − 2∆

(

∂F
∂t

)

· F













. (36)

In spite of a formally simple form, equations (36) involve rather complicated
expressions for the second derivatives of M1, because

∂F

∂uj
· F (u, t) =

3
∑

i=0

∂2M1

∂ui∂uj

∂M1

∂ui
, (37)

∂F

∂t
· F (u, t) =

3
∑

i=0

∂2M1

∂ui∂t

∂M1

∂ui
. (38)

One may find a detailed method to compute the Hessian matrix of M1 in [5].

Laskar-Robutel integrators

The composition methods of [11] differ from usual recipes because, regardless
of the number of ‘stages’ involved in one step, they all remain second-order
integrators according to the formal estimates. However, if the Hamiltonian has
been split into a leading term and a perturbation having a small parameter
ε as a factor, the truncation error of the integrator is max(ε2 h3, ε hm) where
m is the number of stages involved in one step. The second term of this sum
is similar to classical composition methods errors, and the first can be quite
small for weakly perturbed problems. At the expense of the ε2 h3 term in the
error estimate, the authors were able to avoid backward stages that degrade
numerical properties of usual composition methods. The use of a corrector
improves the integrator by reducing the truncation error: its first term drops
to ε2 h5.

Following the recommendation of [11], and after having performed numer-
ical tests (see [5]), the best integrator is obtained using the following compo-
sition for each single step of size h:

Φh = Φc,q ◦ Φ1,d1
◦ Φ0,c2

◦ Φ1,d2
◦ Φ0,c3

◦
◦Φ1,d2

◦ Φ0,c2
◦ Φ1,d1

◦ Φc,q, (39)

where
d1 = h/12, d2 = (5/12)h,

c2 = (1/2 −
√

5/10)h, c3 = h/
√

5,

q = −h3(3861 − 791
√

21)/576.

(40)

This integrator will be referred as LARKS.
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LARKS step size choice

The Hamiltonian error of LARKS, based on the above composition, is propor-
tional to ε2h4 (see [5]). Observing that ε ∝ ar2, where a is the semi-major axis
of a comet, and r is the Sun-comet distance, we look for the step size selection
rule that gives a similar precision for a wide range of initial conditions. This
can be achieved if the product

K = ε2h4, (41)

has similar values for all comets to be studied. Thus, finding some optimum
step size ho for a given semi-axis ao, and then launching the integration for a
different semi-axis a1, we adjust the step size and use

h1 = ho

(

ao

a1

)3/2

, (42)

when the orbit is elliptic (a1 > 0) and using a1 instead of r. For a hyperbolic
orbit the step size is adjusted through:

h1 = ho

(

a
3/2
o

|a1|1/2r

)

. (43)

In the test described in this Section, we set ho as 1/20 of the Keplerian period
implied by ao = 50 000 AU and adjusted the step according to (42) or (43) for
other orbits. For elliptical orbits, in order to avoid numerical resonance be-
tween the step size and the orbital period [19], we do not use a step size larger
than 1/20 of the Keplerian period, even if it might be allowed by Eq. (42).

Stop time for LARKS

The fact that the fictitious time s is the independent variable is an inevitable
issue associated with the use of the KS variables regularisation. What happens
if one wants to obtain the state of a comet at some particular final epoch of
the physical time t? This problem appears if one wants to stop the integration
as close as possible to a precise value Tf of the real time.

A method which turns out to be effective, whatever the dynamics, is the
following. Let f be the function defined by f(s) = t − Tf . Thus the problem
is to solve f(s) = 0. Let fp and sp be the values of f and s before some step,
and fa and sa be the values after this step. The integration stops as soon as
fa > 0. From this point, the method is built according to an iterative process
which evaluates fp, sp and fa, sa, such that the solution ss is always between
sp and sa.

For each step, one computes the derivatives dfp and dfa of f in sp and sa

respectively, using Eqs. (22) and (13). Consequently, one can easily compute
the equation of the tangent to f in sp and sa. Let sm be the value of s for
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which the two tangents intersects. If sm is not between sp and sa, the next
guess sg of the solution ss is computed using a linear approximation of f or
a bisection method between sp and sa. The choice is made according to the
method which makes the most important reduction of the interval [sp, sa].
Otherwise, if sm is between sp and sa, then the next guess sg is given by the
intersection of the tangent at f in sp (resp. in sa) with the abscissa axis if it
lies between sp and sm (resp. between sm and sa).

One stops the iterative process as soon as f(sg) is close enough to 0, that
is tg − Tf ≈ 0, where tg is the value of the real time obtained for sg.

Stop at perihelion for LARKS

In the framework of Oort cloud comets dynamics, it may be necessary to sus-
pend the integration of a comet at its perihelion. When an integrator like
RADAU is used, then the step size is very small when the comet passes
through its perihelion, thus it is quite easy to stop at the cometary perihelion
only by checking the evolution of the Sun-comet distance. This is not the case
for LARKS, which may have a large step size even when the comets is at its
perihelion, hence the evolution of the Sun-comet distance is not sufficient.

However, when a comet is near its perihelion, one may neglect the per-
turbative part due to the galactic tide. Consequently, as it has been already
noted, the motion in the KS variables is simply a harmonic oscillator. Using
this property it is very easy to stop the integration exactly at the cometary
perihelion. Indeed, if (u,U) are the KS variables of a comet, then u · U = 0
when the comet is at its perihelion. Thus, let (up,Up) be the KS variables be-
fore some step, and (ua,Ua) after this step. When up ·Up < 0 and ua ·Ua > 0
it means that the comet went through its perihelion during the step. When
U∗ > 0, using Eq. 24, the step length h which should be performed from
(up,Up) to the exact perihelion is given by:

h =
1

2ω
tan−1

(

2ωup · Up

ω2u2
p − U2

p

)

. (44)

When U∗ < 0, using Eq. 25, the step length is given by:

h =
1

4ω
log

(

1 +X

1 −X

)

, (45)

where

X =
2ωup · Up

ω2u2
p + U2

p

. (46)

2.3 The Hamiltonian models

In this section we will give the Hamiltonian equations of motion derived from
the average Hamiltonian, using two sets of variables according to the value of
the orbital eccentricity e (see [9]).
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The Hamiltonian model with Delaunay variables

The complete Hamiltonian given by:

H = − µ

2a
+ G1

x′2

2
+ G2

y′2

2
+ G3

z2

2
, (47)

may be written using the Delaunay’s variables: L =
√
µa, G =

√

µa(1 − e2),
H = G cos i, ℓ = M , g = ω and h = Ω, where a, e, i, M , ω, Ω are the
cometary semi-major axis, eccentricity, inclination, mean anomaly, argument
of perihelion and longitude of node (all the angles being measured in the fixed
Galactic frame). The mean anomaly being a fast variable with respect to the
other ones, the Hamiltonian is averaged over ℓ.

Then, one writes the averaged Hamiltonian equations of motion, which
gives:

〈

dL

dt

〉

= 0 (48)

〈

dG

dt

〉

= −5L2

2µ2

(

L2 −G2
)

{

cos g sin g
[

G3

(

1 − H2

G2

)

+
(

G1 sin2 hr + G2 cos2 hr

)H2

G2
− G1 cos2 hr (49)

−G2 sin2 hr

]

−
(

G1 − G2

)(

cos2 g − sin2 g
)

coshr sinhr
H

G

}

〈

dH

dt

〉

=
L2

2µ2

(

G1 − G2

)

{

5
(

L2 −G2
)H

G
cos g sin g

(

cos2 hr − sin2 hr

)

+ sinhr coshr (50)

·
[

G2 −H2 + 5
(

L2 −G2
)(

cos2 g − sin2 g
H2

G2

)]

}

(51)

〈

dg

dt

〉

=
L2G

2µ2

{

G3

[

1 − 5 sin2 g
(

1 − L2H2

G4

)]

+
(

G1 cos2 hr + G2 sin2 hr

)(

1 − 5 cos2 g
)

(52)

−5
(

G1 sin2 hr + G2 cos2 hr

)L2H2

G4
sin2 g

+5
(

G1 − G2

)

cos g sin g coshr sinhr

(

G2 + L2
) H

G3

}

〈

dh

dt

〉

=
L2

2Gµ2

{

(

G1 sin2 hr + G2 cos2 hr − G3

)

[

G2 + 5
(

L2 −G2
)

sin2 g
]H

G
− 5
(

G1 − G2

)

(53)

(

L2 −G2
)

cos g sin g coshr sinhr

}

,
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where hr = h−Ω0t at time t.
The quantity L, i.e. the semi-major axis, is obviously conserved since the

mean anomaly does not appear in the averaged Hamiltonian. Furthermore, one
may note that, when the radial component of the tide is neglected, i.e. when
G1 = G2 = 0, then H is conserved. In this case the dynamics is completely
integrable. Many papers were devoted to this peculiar case: for instance [3,
10, 14, 15] and [1].

The Hamiltonian model with Matese elements

When e ≃ 1, Equations (49-53) become singular. In order to remove this
singularity, we adopt the variables: L, Θ = Hb, H , M , θ = b and λ = l,
with: Hb = −

√

µa(1 − e2) cosα and H =
√

µa(1 − e2) cos i. Here b and l
are the latitude and longitude of perihelion of the comet, and α is the angle
between the orbital plane and the plane orthogonal to the Galactic plane and
passing through the perihelion and the Galactic poles, measured from the
south Galactic pole to the cometary velocity (see Fig. 1 of [9]).

This set of elements will be referred to as Matese elements since it first
appeared in [15]. Similar elements have been used elsewhere in the literature
in order to remove the singularity at e = 1: see [18] for elliptic collision
orbits, and [17] for hyperbolic collision orbits. The Matese elements are slightly
different from those used in the quoted papers, but the procedure to define
them is similar. The can be shown to be canonical.

One substitutes x′, y′ and z by the Matese elements in Eq. (47), and
averages with respect to the mean anomaly. Then, the Hamiltonian equations
of motion are:
〈

dL

dt

〉

= 0

〈

dΘ

dt

〉

=
L2

2µ2

[

cos θ sin θ(−4Θ2 + 5L2)(G1 cos2 λr + G2 sin2 λr)

−G1

(

Θ cos θ cosλr +H sinλr
sin θ

cos2 θ

)

·
(

Θ sin θ cosλr +H sinλr
1

cos θ

)

−G2

(

Θ cos θ sinλr −H cosλr
sin θ

cos2 θ

)

·
(

Θ sin θ sinλr −H cosλr
1

cos θ

)

+G3

sin θ

cos3 b

(

5(Θ2 − L2) cos4 θ + 4H2
)

]

〈dH

dt
〉 =

L2(G1 − G2)

2µ2 cos2 θ

[

(−4Θ2 cos2 θ − 4H2 + 5L2 cos2 θ) cos2 θ cosλr sinλr
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+(Θ cos θ sin θ sinλr −H cosλr)(Θ cos θ sin θ cosλr +H sinλr)]
〈

dθ

dt

〉

=
L2

2µ2 cos2 θ

{

−4Θ cos4 θ
(

G1 cos2 λr + G2 sin2 λr

)

+G1(Θ cos θ sin θ cosλr +H sinλr) cos θ sin θ cosλr

+G2(Θ cos θ sin θ sinλr −H cosλr) cos θ sin θ sinλr

+G3Θ cos2 θ(1 − 5 sin2 θ)
}

〈

dλ

dt

〉

=
L2

2µ2 cos2 θ

{

−4H cos2 θ
(

G1 cos2 λr + G2 sin2 λr

)

+G1 sinλr(Θ cos θ sin θ cosλr +H sinλr)

−G2 cosλr(Θ cos θ sin θ sinλr −H cosλr) − 4G3H sin2 θ
}

The singularity at cos θ = 0 is evident, but these equations show that the
singularity at e = 1 has indeed disappeared.

The Mappings

The two above averaged models are already faster than the Cartesian model
(see [8]). However, in order to enhance their efficiency, on may consider the
truncated Taylor development of their solution. More precisely, one writes any
of the averaged models in the form:

dx

dt
= f(xr), (54)

where x is the vector defined by the Delaunay or the Matese elements, and
the subscript r means that the longitude is measured in the rotating frame.
Then, the truncated Taylor development at order N of the solution of this
equation is:

x(T +∆T ) = x(T ) +

N
∑

n=1

dnx

dtn

∣

∣

∣

∣

T

∆T n

n!
+ O(∆TN+1), (55)

where the subscript T indicates that the quantities are computed at time T .
Taking ∆T equal to one orbital period of the comet (which is consistent

with having averaged the Hamiltonian) this development provides us an easy
way to derive mappings of different orders.

Experiments have shown (see [8]) that the mappings of order 3 give the
best compromise between precision and velocity. However, one should be very
careful in using these mappings, due to the singularities of the two averaged
models. Indeed, the effects of the singularity when e = 1 for the model using
the Delaunay variables and the singularity when cos b = 0 for the model
using the Matese variables are enhanced when one uses the truncated Taylor
development of their solution.
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It turns out that the mapping using the Delaunay elements may be safely
used for eccentricity smaller than 0.999, otherwise the mapping using the
Matese elements is more precise. The composition of this two mappings will
be referred as the MAPP model.

2.4 The Lie-Poisson model

This model is described in detail in [5]. One should refer to this paper for a
full description of the method.

Equations of motion

The integrators presented in the previous Sections solve the equations of mo-
tion in the fixed reference frame, where the radial component of the Galactic
tide is explicitly time-dependent. Our second method can be more conve-
niently discussed in the rotating heliocentric reference frame (x̂′, ŷ′, ẑ). The
present model uses also the first equation of (3) explicitly, which simplifies
drastically the results.

The Hamiltonian function for a comet subjected to the Galactic tide in
the rotating frame is given by:

H = H0 + H1, (56)

H0 =
1

2

(

X ′2 + Y ′2 + Z2
)

− µ

(x′2 + y′2 + z2)
1

2

, (57)

H1 = Ω0 (y′X ′ − x′ Y ′) + 1
2

(

G2 (y′2 − x′2) + G3 z
2
)

, (58)

where (x′, y′, z) and (X ′, Y ′, Z) are the position and velocity of the comet in
the rotating frame.

As in Section 2.3, one may average the Hamiltonian H with respect to the
mean anomaly ℓ. The averaged Hamiltonian 〈H1〉 is now expressed in terms
of the Laplace vector e and a scaled angular momentum vector h instead of
canonical elements as the Delaunay or the Matese ones. Their components are
related to the Keplerian orbit elements

e ≡





e1
e2
e3



 = e





cosω cosΩr − c sinω sinΩr

cosω sinΩr + c sinω cosΩr

s sinω



 , (59)

h ≡





h1

h2

h3



 =
√

1 − e2





s sinΩr

−s cosΩr

c



 , (60)

where e is the eccentricity, s = sin i, c = cos i. Recalling that in the rotating

frame the momenta X ′ and Y ′ are not equal to velocities dx′

dt and dy′

dt (this fact

that can be immediately deduced from the canonical equations dx′

dt = ∂H/∂X ′
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and dy′

dt = ∂H/∂Y ′), we assume that the usual transformation rules between
Keplerian elements and position/velocity are used with the velocities directly
substituted by the momenta. With this approach the Keplerian motion in the
rotating frame is described by means of orbital elements that are all constant
except for Ωr which reflects the frame rotation

(

dΩr

dt = −Ω0

)

.
Using the ‘vectorial elements’ h and e, letting n stand for

n =

√

µ

a3
, (61)

and changing the independent variable from time t to τ1, such that

dτ1
dt

=
G3

n
. (62)

one obtains the averaged Hamiltonian 〈H〉, given by

〈H〉 = n a2
[

5
4
e23 + 1

4
h2

1 + 1
4
h2

2+

+ ν
(

− 5
4
e21 + 5

4
e22 + 1

4
h2

1 − 1
4
h2

2 − nΩ−1
0 h3

)]

, (63)

where, all the constant terms have been dropped and, using the usual approx-
imation Ω0 = −

√
G2, we introduced a dimensionless parameter

ν =
Ω2

0

G3

=
G2

G3

. (64)

The vectorial elements can be used to create a Lie-Poisson bracket

(f ; g) ≡
(

∂f

∂v

)T

J(v)
∂g

∂v
, (65)

with the structure matrix

J(v) =

(

ĥ ê

ê ĥ

)

. (66)

The ‘hat map’ of any vector x = (x1, x2, x3)T is defined as

x̂ =





0 −x3 x2

x3 0 −x1

−x2 x1 0



 . (67)

This matrix is known as the vector product matrix, because

x̂y = x × y. (68)

Using the Lie-Poisson bracket (65) we can write equations of motion for the
vectorial elements

v = (h1, h2, h3, e1, e2, e3)T, (69)
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in the non-canonical Hamiltonian form

v′ = (v; K), (70)

where derivatives with respect to τ are marked by the ‘prime’ symbol and the
scaled Hamiltonian

K = −〈H〉
n a2

. (71)

Writing equations (70) explicitly, we obtain

h′1 = −5

2
(1 − ν) e2 e3 +

1 − ν

2
h2 h3 +

n ν

Ω0

h2, (72)

h′2 =
5

2
(1 + ν) e1 e3 −

1 + ν

2
h1 h3 −

n ν

Ω0

h1, (73)

h′3 = ν (h1 h2 − 5 e1 e2), (74)

e′1 = −4 + ν

2
h2 e3 +

5

2
ν h3 e2 +

n ν

Ω0

e2, (75)

e′2 =
4 − ν

2
h1 e3 +

5

2
ν h3 e1 −

n ν

Ω0

e1, (76)

e′3 =
1 − 4 ν

2
h1 e2 −

1 + 4 ν

2
h2 e1. (77)

Substituting ν = 0, the readers may recover the correct form of the Galactic
disc tide equations published in [3, 4]. Equations (72)-(77) admit three inte-
grals of motion: apart from the usual conservation of the time-independent
Hamiltonian K = const, two geometrical constraints

h · e = 0, h2 + e2 = 1, (78)

are respected thanks to the properties of the Lie-Poisson bracket (65). Indeed,
both quadratic forms are the Casimir functions of our bracket, i.e.

(h · e; f) = (h2 + e2; f) = 0, (79)

for any function f , hence in particular for f = K.

Lie-Poisson splitting method

The Hamiltonian K can be split into a sum of three non-commuting terms

K = K1 + K2 + K3, (80)

K1 =
5

4
ν e21 −

1 + ν

4
h2

1, (81)

K2 = −5

4
ν e22 −

1 − ν

4
h2

2, (82)

K3 = −5

4
e23 +

n ν

Ω0

h3. (83)
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Each of the terms Ki is in turn a sum of two components that commute,
because it can be easily verified that (ej ; hj) = 0 for all j ∈ {1, 2, 3}. In these
circumstances, we can approximate the real solution

v(τ) = exp (τ L) v(0), (84)

where Lf ≡ (f ; K), using a composition of maps

Ψi,τ : v(0) → v(τ) = exp (τ Li) v(0), (85)

where Li f ≡ (f ; Ki) for i = 1, 2, 3. Each Ψi,τ is in turn a composition of two
maps

Ψi,τ = Ei,τ ◦Hi,τ = Hi,τ ◦ Ei,τ , (86)

generated by the ei and hi related terms of Ki.

The contribution of K1

The two terms of K1 generate equations of motion

v′ =
(

v; 5
4
ν e21

)

= 5
2
e1 ν

(

0 Y1

Y1 0

)

v, (87)

and

v′ =
(

v; − 1
4
(1 + ν)h2

1

)

= − 1
2
h1 (1 + ν)

(

0 Y1

Y1 0

)

v, (88)

where

Y1 =





0 0 0
0 0 −1
0 1 0



 . (89)

The composition of these two maps results in

Ψ1,τ : v →
(

M1 N1

N1 M1

)

v, (90)

where

M1 =





1 0 0
0 c11c12 −c11s12
0 c11s12 c11c12



 , N1 =





0 0 0
0 s11s12 s11c12
0 −s11c12 s11s12



 . (91)

ψ11 = 5
2
e1 ν τ, and ψ12 = 1

2
(1 + ν)h1 τ, (92)

introducing

cij = cosψij , sij = sinψij . (93)
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The contribution of K2

The equations of motion derived from the two terms of K2 are

v′ =
(

v; − 5
4
ν e22

)

= 5
2
ν e2

(

0 Y2

Y2 0

)

v, (94)

and

v′ =
(

v; − 1
4
(1 − ν)h2

2

)

= 1
2

(1 − ν)h2

(

0 Y2

Y2 0

)

v, (95)

where

Y2 =





0 0 1
0 0 0
−1 0 0



 . (96)

Composing the two maps we obtain:

Ψ2,τ : v →
(

M2 N2

N2 M2

)

v, (97)

where

M2 =





c21c22 0 −c21s22
0 1 0

c21s22 0 c21c22



 , N2 =





s21s22 0 c22s21
0 0 0

−c22s21 0 s21s22



 , (98)

ψ21 = 5
2
ν e2 τ, and ψ22 = − h2 (1 − ν)

2
τ. (99)

The contribution of K3

The equations of motion derived from the two terms of K3 are

v′ =
(

v; − 5
4
e23
)

= 5
2
e3

(

0 Y3

Y3 0

)

v, (100)

and

v′ =
(

v; h3 n ν Ω
−1
0

)

= −n ν
Ω0

(

0 Y3

Y3 0

)

v, (101)

where

Y3 =





0 −1 0
1 0 0
0 0 0



 . (102)

Composing the two maps we obtain

Ψ3,τ : v →
(

M3 N3

N3 M3

)

v, (103)
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where

M3 =





c31c32 c31s32 0
−c31s32 c31c32 0

0 0 1



 , N3 =





s31s32 −c32s31 0
c32s31 s31s32 0

0 0 0



 , (104)

ψ31 =
5

2
e3 τ, and ψ32 =

n ν

Ω0

τ. (105)

2.5 The Lie-Poisson method of order 2

The composition methods of [11] cannot be used for our Lie-Poisson splitting
method, because the Hamiltonian function has been partitioned into three
terms. Moreover, none of the terms can be qualified as a small perturbation.
In these circumstances, the principal building block can be a ‘generalised
leapfrog’

Ψ∆ = Ψ1,∆/2 ◦ Ψ2,∆/2 ◦ Ψ3,∆ ◦ Ψ2,∆/2 ◦ Ψ1,∆/2. (106)

This Lie-Poisson method, called LPV2, is a second order method with a local
truncation error proportional to the cube of the step-size ∆3. Although we
use LPV2 as a final product in this paper, it can be used as a building block
for higher-order methods. A collection of appropriate composition rules can
be found in [13].

In practice, the step size ∆ will be set equal to one orbital period.

3 Comparisons between the different models

In order to compare the reliability and speed of the integrators we performed
the following experiment: 400 000 sets of initial orbital elements were ran-
domly chosen in a specified range, under the condition that their respective
distribution is uniform, i.e.:

• the initial semi-major axes in the range 3 000 ≤ a0 ≤ 105 AU, with distri-
bution uniform in log10 a0;

• the initial eccentricity in the range 0 ≤ e0 ≤ 0.9999, with a uniform
distribution;

• the initial inclination i0 such that −1 ≤ cos i0 ≤ 1, with a uniform distri-
bution;

• the initial argument of the perihelion, the longitude of the ascending node,
and the initial mean anomaly (where needed) in the range from 0 to 2π,
with a uniform distribution.

Using this set of elements, we integrated the equations over one cometary
period using LARKS, LPV2, MAPP and compared the results with those
obtained with the Cartesian model.
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For the stopping time in LARKS, the method described at the end of
Section 2.2 until |Tf − t| < 10−3 yr was used.

The relative error in the comet position Ep was defined as

Ep =

∣

∣

∣

∣

qmod − qR
q0

∣

∣

∣

∣

, (107)

where qmod, and qR denote the value of the perihelion distance at the end of
the integration of one period computed by the tested integrator and by the
RADAU respectively, and q0 is the initial value of the perihelion distance.

Then, the e0–log10 a0 plane is divided into 60 × 70 cells. In each cell we
record the maximum value Emax reached by the error Ep for the initial con-
ditions belonging to the cell.

Fig. 1. Maximium error Ep (see Eq. 107) in each cell of the e0-a0 plane for the
models MAPP (top left), LPV2 (top right), and LARKS (bottom). The solid line
curves correspond to Ep = 0.01 and the dotted curves are the best fits of the level
curves.
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The results obtained for the three models are shown in Fig. 1. The MAPP
and the LPV2 models, both used with a step size equal to the unperturbed
Keplerian period, are equivalent as far as the accuracy is concerned. Indeed,
the best analytical fit of the level curve Ep = 0.01 is given by:

ac = 104.748±0.004(1 − e)0.182±0.006, (108)

for the MAPP model and,

ac = 104.751±0.003(1 − e)0.185±0.005, (109)

for the LPV2 model. These two equations may be considered as identical
within the error bounds of the exponents.

For both models the error is essentially due to the averaging of the equa-
tions of motion with respect to the mean anomaly. Conversely, the LARKS
method is highly reliable in the whole phase space domain under study, since
the error never exceed 0.01. The effect of the time step selection rule (42)
is clearly visible above a0 = 50 000 AU; the reliability of LARKS is almost
conserved when a0 increases.

Speaking about the computation times required to perform all the integra-
tions, the MAPP, LPV2 and LARKS needed 5.5, 1.8 and 99 seconds, whereas
the RA15 integration took 1820 seconds. That is, LPV2 is 3 times faster than
MAPP, and almost 40 times faster than LARKS, and LARKS is almost 20
times faster than RA15.

4 Hybrid integrators

4.1 Definition

In order to have the best compromise between velocity and precision, one can
consider hybrid models which use the fastest accurate model according to the
values of the cometary eccentricity and semi-major axis.

In [9] the hybrid model MAPP + RADAU, was introduced and applied to
reproduce the effects of the galactic tide on the dynamics of 106 comets over
5 Gyr. This hybrid model was such that MAPP was used below the analytical
fit of the Ep = 0.01 level curve given by Eq. (108), otherwise RADAU was
used.

This hybrid model became obsolete since [5] where LPV2 and LARKS have
been introduced. Indeed, the hybrid model LPV2 + LARKS, where LPV2 is
used below the analytical fit of the Ep = 0.01 level curve given by Eq. (109),
is much faster than MAPP + RADAU, and has the same accuracy. In the
special case of a galactic potential such that A 6= −B, i.e. G2 6= −G1, LARKS
is easily generalisable whereas LPV2 is not. Thus in such a case the hybrid
model MAPP + LARKS may be used.
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Let us consider the integration of a comet with a hybrid model, say LARKS
+ LPV2. The oscillation of the eccentricity with time may lead to repeating
shifts between the use of LARKS and the use of LPV2. However, when LARKS
is used the semi-major axis oscillates with a period equal to the orbital period
of the comet (this may be easily understood from the fact that in the Hamilto-
nian formalism, the mean anomaly and L =

√
µa are conjugate coordinates),

whereas it is a constant of motion when LPV2 is used. Indeed, for the LPV2
model the mean-anomaly cancels out.

Since LPV2 is applied for an integer number of orbital periods, one may
just record the value of the mean-anomaly at the beginning of a sequence
where LPV2 is used, and restore the mean-anomaly value at the end of the
sequence. Consequently, when one shifts from LPV2 to LARKS, the memory
of the orginal orbit is conserved, as far as the averaging is neglected.

However, a shift from LARKS to LPV2 occurs for an arbitrary value of
the mean anomaly, thus it occurs for an arbitrary value of the semi-major axis
in the interval of its oscillations. Consequently, from one such shift to another
one, the LPV2 model will be applied to different averaged orbits since the
semi-major axis is different. After many shifts, a drift on the semi-major axis
value may be observed.

An easy way to remove this drift is to allow the shift between LARKS and
LPV2 only when the comet is exactly at its perihelion. Indeed, in this way,
the shift occurs always at a precise time of the semi-major axis oscillation,
thus the memory of the real orbit may be conserved when many shifts from
LARKS to LPV2 are performed.

5 Conclusion

Different models of the galactic tide have been presented. The first one, called
LARKS, is a symplectic integrator which uses the Kuustanheimo-Stiefel (KS)
transformation to regularise the equations of motion. This model turns out to
be reliable over the whole phase space and almost 20 times faster than a non
symplectic integrator using Cartesian coordinates (RADAU). The two other
models are based on the averaging of the equations of motion with respect to
the mean anomaly. One, which is called MAPP, uses the Taylor development
at order three of the solutions of the averaged equations of motion. In this
case the equations are written using the Hamiltonian formalism with two
different sets of canonical variables according to the value of the eccentricity.
The second averaged model, called LPV2, considers the equations of motion
using the normalised Laplace and angular momentum vectors. Then a Lie-
Poisson integrator of order 2 is used by splitting the Hamiltonian in three
parts.

As regards the accuracy, these two models are equivalent, but they are
reliable only in a limited domain of the phase space. These models are both
faster than LARKS, but LPV2 is 3 times faster than MAPP, and 40 times
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faster than LARKS. The main advantage of MAPP is that it is more didactic.
MAPP is also more general since it may consider any kind of radial component
of the tide - but with the assumption that the tide is axi-symmetric -, whereas
LPV2 requires G2 = −G1.

The best hybrid model can be defined as a combination between the use
of LPV2 and LARKS according to the value of the cometary eccentricity
and semi-major axis. For instance, if one wants a confidence level of 1% on
the perihelion distance variation over one cometary period, one may use the
analytical equation given by

ac = 104.751(1 − e)0.185, (110)

to define the upper frontier of the domain where LPV2 may be used.
If one wants a confidence level of 0.1% one may consider the value:

ac = 104.570(1 − e)0.176, (111)

as the upper limit of the domain where LPV2 may be used. However, the
use of Eq. (111) will slow down the integrations since it reduces the domain
of application of LPV2. The above hybrid model may be used for any long
term simulations of the Oort cloud comets dynamics under the effects of the
galactic tide.

—
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